We collect statistics which consist of the coefficients in the expansion of the generating polynomials that count the Kauffman states associated with certain classes of pretzel knots having n tangles, of r half-twists respectively.
Introduction
The generating polynomial for the shadow diagram of the knot K provides a refinement of counting the corresponding Kauffman states [1] . By state is meant the diagram obtained by splitting each vertex representing the initial diagram crossings, i.e., each to , and repasting the edges as either or . The generating polynomial for the knot K is then defined as the summation which is taken over all its states, namely
with |S| denoting the number of Jordan curves in the state diagram S. For instance, the generating polynomial for the Hopf link is L(x) = 2x 2 + 2x (see Figure 1 ). If K and K ′ are two arbitrary diagrams, and denotes the unknot diagram, then we have the following properties and notations [2] : 
where # and ⊔ are respectively the connected sum and the disjoint union. Moreover, if we let K denote the closure of K, i.e., the connected sum with itself, then there exist two polynomials α, β ∈ N[x] such that
With the notation and property in (vi) we obtain K 0 (x) = ( ) (x) = x 2 and
We can interpret (2) as follows: given the closure of a knot diagram , its state diagrams can be divided into two subsets that are respectively counted by x 2 α(x) and xβ(x) as represented in Figure 2 . In this note, we shall take advantage of these properties and establish the generating polynomial for a particular class of the pretzel knots.
A pretzel knot P n,r := P (r, r, . . . , r) [4] is a knot composed of n pairs of strands twisted r times and attached along the tops and bottoms as in Figure 3 (a). If F r denotes the r-foil as pictured in Figure 3 (b), then we have P n,r := (F r ) n . For the convenience, we set F 0 = and (F r ) 0 = so that (F 0 ) 0 = and (F 0 ) n = for n ≥ 1. Figure 4 displays some pretzel knots for small values of n and r.
Generating polynomial
We begin with the generating polynomial for the closure of the r-foil (see Figure 3 (b)) which yields the r-twist loop (see Figure 4 (e)).
Lemma 1 ([2]
). The generating polynomials for the r-twist loop and the r-foil knot are respectively given by
and
We shall deduce the two polynomials α r , β r associated with closure of the r-foil with the help of formula (5).
Lemma 2. The following expression holds for F r (x)
where α r (x) := (x + 1) r − 1 x and β r (x) = 1. Proof. First, note that F r = (F r ) 1 = P 1,r = T r . Among the states of the r-twist loop, there is exactly one which is made up of one component as shown in Figure 5 . Hence β r (x) = 1. Then by (5), we get
In fact if we let α r (x) = (x + 1) r − 1 x , then the expansion of x 2 α r (x), namely
counts as expected the states which might result to that in Figure 55 (a).
Proposition 3. The generating polynomial for the Pretzel knot P n,r is given by
Proof. We write
and we conclude by (4). Remark 4. Since (F r ) n (x) = x (α r (x) + x) n , and for some values of r, we obtain the generating polynomials for the following knots [2] :
Results
In this section, we retrieve some of our previous results (case r = 1, 2, 3) [2] which confirm that the generating polynomial agrees with the construction in section 2.
1. Case r = 0.
(a) Generating polynomial: 0  1  2  1  2  0  4  7  4  1  3  0  12  26  19  6  1  4  0  32  88  88  39  8  1  5  0  80  272  360 1230  71  10  1  6  0 192  784 1312 1140  532  123  12  1  7  0 448 2144 4368 4872 3164 1162  211  14  1  8  0 1024 5632 13568 18592 15680 8176 2480 367 16 1  9  0 2304 14336 39936 65088 67872 46368 20304 5262 655 18 1   Table 3 : Values of p 2 (n, k) for 0 ≤ n ≤ 9 and 0 ≤ k ≤ 11.
(b) Coefficients table: [2, Table 14 ] Table 4 : Values of p 3 (n, k) for 0 ≤ n ≤ 5 and 0 ≤ k ≤ 12.
5. Case r = n.
(a) Generating polynomial: Table 5 : Values of p n (n, k) for 0 ≤ n ≤ 4 and 0 ≤ k ≤ 14. Table 6 .
7. Case k = 2: p r (n, 2) = n 2 r n−2 2 r 2 + 1 + r n , r ≥ 1, see Table 7 .
We observe the following formulas:
• First column in Table 7 is 1, 0, 1 followed by 0, 0, 0, . . . 1  1  1  1  1  1  1  1  2  0 2  4  6  8  10  12  14  16  18  3  0 3  12  27  48  75  108  147  192  243  4  0 4  32  108  256  500  864  1372  2048  2916  5  0 5  80  405  1280  3125  6480  12005  20480 Table 7 : Values of p r (n, 2) for 0 ≤ n ≤ 9 and 0 ≤ r ≤ 8.
• p 1 (n, 2) = n 2 + 1 [3, A152947];
• p 0 (2, 0) = 0, p 1 (2, 1) = 2, p 2 (2, 2) = 7 and p n (2, n) = 2n n [3, A000984];
• p 2 (n, 2) = (3n 2 − 3n + 8)2 n−3 [3, A300451];
• p 2 (n, n) = 2n(n − 1) + 2 n − 1 [3, A295077];
• p 3 (n, 2n − 1) = 3n 3 [3, A006566];
• p 3 (n, 2n) = 3n 2 [3, A062741];
• p 0 (0, 1) = 0 and p n (n, 1) = n n [3, A000312];
